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1. Introduction
All concepts not deﬁned here will be taken as in the book [29]. A continuum is a nonempty compact and connected
metric space. For a continuum X and a positive integer n, consider the following hyperspaces:
2X = {A ⊂ X: A is closed and nonempty},
C(X) = {A ∈ 2X : A is connected},
Fn(X) =
{
A ∈ 2X : A contains at most n points}, and
Cn(X) =
{
A ∈ 2X : A has at most n components}.
All the hyperspaces are considered with the Hausdorff metric HX .
Let H(X) denote one of the hyperspaces 2X , C(X), Fn(X) or Cn(X). We say that a continuum X has unique hyperspace
H(X) provided that the following implication holds: if Y is a continuum and H(X) is homeomorphic to H(Y ), then X is
homeomorphic to Y .
A dendrite is a locally connected continuum without simple closed curves.
The topic of this paper is inserted in the following general problem.
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550 D. Herrera-Carrasco et al. / Topology and its Applications 156 (2009) 549–557Problem. Find conditions on the continuum X in order that X has unique hyperspace H(X).
Generalizing previous results by R. Duda, C. Eberhart, S. Macías and S.B. Nadler, Jr., G. Acosta proved that the following
continua have unique hyperspace C(X):
(a) Finite graphs different from an arc and a simple closed curve [10, 9.1] and [11].
(b) Hereditarily indecomposable continua [29, 0.60].
(c) Indecomposable continua such that all their proper nondegenerate subcontinua are arcs [25].
G. Acosta also proved that the metric compactiﬁcations of the ray [0,∞), different from an arc, have unique hyperspace
C(X) [2].
S. Macías has shown that hereditarily indecomposable continua have unique hyperspace 2X [26]. E. Castañeda and A. Il-
lanes [9] have proved that ﬁnite graphs have unique hyperspace Fn(X) for each n. A. Illanes proved that ([18] and [19])
ﬁnite graphs have unique hyperspaces Cn(X), for each n  1. Related results to the subject of this paper can be found in
[1–6,12–18,21] and [22]. The non-metric case has been considered in [24].
In [13] and [14] it has been shown that if X is a dendrite with closed set of end points, then X has unique hyperspace
Cn(X) for each n = 2. This case can be proved by using the fact that it is possible to give topological properties that
characterize the set F1(X) inside Cn(X). This is not the case for n = 2 and other techniques are needed.
In this paper we prove that if X is a dendrite with closed set of end points, Y is a dendrite and C2(X) is homeomorphic
to C2(Y ), then X is homeomorphic to Y . With this result we answer Question 622 in [20]. In a recent paper [21], A. Illanes
uses our result to show that the dendrites X with closed set of end points have unique hyperspace C2(X).
2. Elements of minimum dimension in C2(Y )
The set of positive integers is denoted by N. For each n ∈ N, n 3, we deﬁne a simple n-od, as a continuum X for which
there is a point v , called the vertex of X , such that X the union of n arcs which meet by pairs at the set {v} and v is
an end point of each one of these arcs. Let Y be a continuum and let q ∈ Y . Let β be a cardinal number. We say that
q has order in Y less than or equal to β , written ordY (q)  β , provided that q has a basis of neighborhoods B in Y such
that the cardinality of bdY (U )  β , for each U ∈ B. We say that q has order in Y equal to β (ordY (q) = β) provided that
ordY (q) β and ordY (q)  α for any cardinal number α < β . Clearly [30, Lemma 9.9], in a ﬁnite graph G , ordG(q) ∈ N and
ordG(q) = n 3 if and only if q has a neighborhood Q in G that is a simple n-od, where q is the vertex of Q .
Given a continuum Y , let E(Y ) = {p ∈ Y : ordY (p) = 1}, O (Y ) = {p ∈ Y : ordY (p) = 2} and R(Y ) = {p ∈ Y : ordY (p) 3}.
The elements of E(Y ) (respectively O (Y ) and R(Y )) are called end points (respectively ordinary points and ramiﬁcation points)
of Y . Let R f (Y ) = {p ∈ Y : there exists a neighborhood Q of p in Y such that Q is a simple n-od, for some n  3, and
p is the vertex of Q }. Let Ei(Y ) = {p ∈ E(Y ): p is an isolated point of E(Y )} and Ea(Y ) = E(Y ) − Ei(Y ). A free arc in Y
is an arc A in Y , joining two points p and q, such that A − {p,q} is an open subset of Y . A maximal free arc in Y is a
free arc which is maximal with respect to the inclusion. Let P(Y ) = {A ∈ C2(Y ): A has a neighborhood in C2(Y ) that is
a 4-cell}, A(Y ) = { J ⊂ Y : J is a maximal free arc in Y }, AR f (Y ) = { J ∈ A(Y ): the end points of J are in R f (Y )} and
ARE(Y ) = { J ∈ A(Y ): one end point of J is in R f (Y ) and the other end point of J is in E(Y )}. Given a subset A of Y , we
denote the interior of A in Y by Ao. Given subsets U1, . . . ,Un of Y , let 〈U1, . . . ,Un〉 = {A ∈ C2(Y ): A ⊂ U1 ∪ · · · ∪ Un and
A ∩ Ui = ∅ for each i ∈ {1, . . . ,n}}. It is known (see [30, 4.24]) that the family of all sets of the form 〈U1, . . . ,Un〉, where
n ∈ N and each Ui is open in Y , is a basis for the topology in C2(Y ). Let d be a metric for Y . Given A ∈ C2(Y ) and ε > 0, let
N(ε, A) = {p ∈ Y : there exists a point q ∈ A such that d(p,q) < ε} and B(ε, A) = {B ∈ C2(Y ): HY (A, B) < ε}.
Let D= {X: X is a dendrite and E(X) is closed}.
The following lemma generalizes, for the case n = 2, the useful formula proved in Theorem 2.4 of [28].
Lemma 1. Let Y be a locally connected continuum and A ∈ C2(Y ). Suppose that there exists a ﬁnite graph D ⊂ Y such that A ∈
intC2(Y )(C2(D)). Then dimA[C2(Y )] = 4+
∑
q∈R(Y )∩A(ordY (q) − 2).
Proof. We show that A ⊂ Do. Let q ∈ A. Since Y is locally connected and A ∈ intC2(Y )(C2(D)), there exists an open connected
subset U of Y such that q ∈ U and A∪ clY (U ) ⊂ D . Thus q ∈ U ⊂ D and q ∈ Do. It is easy to prove that R(D)∩ A = R(Y )∩ A.
Thus, by Theorem 2.4 of [28], dimA[C2(Y )] = dimA[C2(D)] = 4+∑q∈R(D)∩A(ordD(q)−2) = 4+
∑
q∈R(Y )∩A(ordY (q)−2). 
Lemma 2. Let Y be a locally connected continuum. If A ∈ C2(Y ) and there is a simple n-od Q of Y , with vertex p, n  3 such that
p ∈ A, then A /∈P(Y ).
Proof. Suppose to the contrary that A ∈P(Y ). Then there exists a neighborhood W of A in C2(Y ) which is a 4-cell. Let A1,
A2 be the components of A, where A1 = A2 = A in the case that A is connected. Let U1,U2 be open connected subsets of
Y such that A1 ⊂ U1, A2 ⊂ U2 and the set B = clY (U1) ∪ clY (U2) belongs to intC2(Y )(W). Since Y is locally connected, U1
and U2 are arcwise connected [30, Theorem 8.26]. Then it is possible to choose trees T1 and T2 in Y such that T1 ⊂ U1,
T2 ⊂ U2, p ∈ T1 ∪ T2 and the set T = T1 ∪ T2 is as close as we wish from B . In the case that T1 ∩ T2 = ∅, we may assume
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assume that Q 1 ⊂ T . If T1 ∩ T2 = ∅, we join T1 and T2 by an arc α in Y in such a way that S = T1 ∪ α ∪ T2 is a tree in Y .
In the case that T1 ∩ T2 = ∅, we deﬁne S = T1 ∪ T2. Since S is a tree with at least one ramiﬁcation point, by the formula
in Lemma 1, dimT [C2(S)] 5. Thus dimT [C2(Y )] 5. This is impossible since T ∈ intC2(Y )(W). With this contradiction we
complete the proof of the lemma. 
Lemma 3. Let Y be a locally connected continuum, let K ∈A(Y ) and let J be a free arc in Y . Then the following statements hold.
(a) Jo ∩ R(Y ) = ∅.
(b) If J  K , then Jo ∩ K o = ∅.
Proof. (a) Let p ∈ Jo. Let U be an open subset of Y such that p ∈ U . Let L be a subarc of J such that p ∈ int J (L) ⊂ L ⊂
U ∩ Jo. Then int J (L) is an open subset of Y , bdY (int J (L)) ⊂ L − (int J (L)) ⊂ U and L − (int J (L)) has at most 2 elements.
Thus p /∈ R(Y ).
(b) Suppose that Jo ∩ K o = ∅. We show that Jo ∩ K o = Jo ∩ K . Suppose to the contrary that there exists a point x ∈
Jo ∩ K − K o. Then x is an end point of K . Let y be the other end point of K . Let L be a subarc of J such that x ∈
int J (L) ⊂ L ⊂ Jo − {y}. Then int J (L) is an open subset of Y and int J (L)  K . Let < be a natural order in K such that x < y.
Let w = max L ∩ K . Notice that w < y and the subarc wy of K joining w and y has the property that wy ∩ L = {w}.
Since w ∈ Jo, by (a), w /∈ R(Y ). This implies that w is an end point of L. Thus L ∪ wy is a subarc of Y . Notice that
(L ∪ K ) − {y} ⊂ Jo ∪ K o. Hence L ∪ K is a locally connected subcontinuum of Y such that (by (a)) (L ∪ K ) − {y} does not
have ramiﬁcation points and y is an end point of L ∪ K . Thus L ∪ K is an arc. Let z be the end point of L ∪ K such that
z = y. Since K is a proper subarc of K ∪ L containing the end point y, we have that z ∈ L. Since L ⊂ Jo, by (a), L ∩ R(Y ) = ∅.
Since K − {y} ⊂ K o ∪ Jo, (K − {y}) ∩ R(Y ) = ∅. Thus ((L ∪ K ) − {z, y}) ∩ R(Y ) = ∅. Since Y is locally arcwise connected, this
implies that (L ∪ K ) − {z, y} is open in Y . Therefore L ∪ K is a free arc. This contradicts the maximality of K . Thus we have
proved that Jo ∩ K o = Jo ∩ K . This proves that Jo ∩ K o is a nonempty open and closed subset of the connected set Jo.
Hence Jo = Jo ∩ K o and Jo ⊂ K o. Thus J ⊂ K . This completes the proof of (b). 
Lemma 4. Let Y be a locally connected continuum, let J ∈A(Y ) and let p ∈ J − Jo . If A ∈P(Y ), then p /∈ A.
Proof. Notice that p is an end point of J . Suppose to the contrary that p ∈ A. Since A ∈P(Y ), there exists a neighborhood
W of A in C2(Y ) that is a 4-cell. Let A1, A2 be the components of A, where A1 = A2 = A in the case that A is connected.
Let U1,U2 be open connected subsets of Y such that A1 ⊂ U1, A2 ⊂ U2 and the set B = clY (U1) ∪ clY (U2) belongs to
intC2(Y )(W). Suppose that p ∈ A1. Since B ∈ P(Y ), by Lemma 2, no point of B can be the vertex of a simple 3-od. Since
p ∈ bdY ( J ), there exists a point x ∈ U1 − J . Choose a point y ∈ U1 ∩ J . Since U1 is arcwise connected [30, Theorem 8.26],
there exists an embedding α : [0,1] → U1 such that α(0) = x and α(1) = y. Let t = min{s ∈ [0,1]: α(s) ∈ J }. Let q be the
end point of J that is different of p. Since J ∈ A(Y ), by Lemma 3(a), ( J − {p,q}) ∩ R(Y ) = ∅. Thus α(t) ∈ {p,q}. We may
assume that α(t) = p. Then α([0, t]) ∪ J is an arc with end points x and q. Notice that (α([0, t]) ∪ J ) − {q} ⊂ U1 ∪ Jo.
Thus, by Lemmas 2 and 3(a), no point of (α([0, t]) ∪ J ) − {q} is the vertex of a simple 3-od of Y . Since Y is locally arcwise
connected, (α([0, t]) ∪ J ) − {x,q} is open in Y . Hence α([0, t]) ∪ J is a free arc that properly contains J , a contradiction.
This ends the proof of the lemma. 
Lemma 5. Let Y be a locally connected continuum and let J , K ∈A(Y ). Then 〈 Jo, K o〉 is a component ofP(Y ).
Proof. First we show that 〈 Jo, K o〉 ⊂P(Y ).
If J = K , then 〈 Jo, K o〉 ⊂ C2( J ). Since C2( J ) is a 4-cell [18, Lemma 2.2] and 〈 Jo, K o〉 is open in C2(Y ), 〈 Jo, K o〉 ⊂P(Y ).
Now suppose that J = K . By Lemma 3(b), Jo ∩ K o = ∅. Let A ∈ 〈 Jo, K o〉. Then A ⊂ Jo ∪ K o, A ∩ Jo = ∅ and A ∩ K o = ∅.
Thus the components of A are A1 = A ∩ Jo and A2 = A ∩ K o. Let J1 and K1 be subarcs of J and K , respectively, such that
A1 ⊂ int J ( J1) ⊂ J1 ⊂ Jo and A2 ⊂ intK (K1) ⊂ K1 ⊂ K o. Then int J ( J1) and intK (K1) are open in Y . Let ϕ : C( J1)× C(K1) →
〈 J1, K1〉 be given by ϕ(M,N) = M ∪ N . It is easy to show that, ϕ is an embedding and A ∈ 〈int J ( J1), intK (K1)〉 ⊂ ϕ(C( J1)×
C(K1)). Since C( J1) and C(K2) are 2-cells and 〈int J ( J1), intK (K1)〉 is open in C2(Y ), we conclude that A ∈P(Y ).
This completes the proof that 〈 Jo, K o〉 ⊂P(Y ).
It is easy to show that 〈 Jo, K o〉 is an arcwise open subset of P(Y ). Suppose that 〈 Jo, K o〉 is not a component of P(Y ).
Let C be the component of P(Y ) that contains 〈 Jo, K o〉 and let E ∈ C− 〈 Jo, K o〉. Notice that P(Y ) is open in C2(Y ). Since
C2(Y ) is locally connected (see [27, Theorem 3.2]), C is open, so C is arcwise connected [30, Theorem 8.26]. Fix an element
A ∈ 〈 Jo, K o〉. Let α : [0,1] → C be a one to one map such that α(0) = A and α(1) = E . Since 〈 Jo, K o〉 is an open subset
of C2(Y ) and it does not contain α(1), there exists t = min{s ∈ [0,1]: α(s) /∈ 〈 Jo, K o〉}. Let B = α(t). Then B /∈ 〈 Jo, K o〉, so
0 < t . Thus B ∈ clC2(Y )(〈 Jo, K o〉). Let {Bn}∞n=1 be a sequence in 〈 Jo, K o〉 such that lim Bn = B . In the case that J = K , we
have that Bn ⊂ Jo, for each n ∈ N. Thus B ⊂ J . If B ⊂ Jo, then B ∈ 〈 Jo, K o〉, a contradiction. Thus B ∩ ( J − Jo) = ∅. By
Lemma 4, B /∈ P(Y ), this is impossible since B ∈ C⊂P(Y ). We have shown that J = K . By Lemma 3(b), Jo and K o are
disjoint open subsets of Y . Thus, for each n ∈ N, the components of Bn are the sets Cn = Bn ∩ Jo and Dn = Bn ∩ K o. We may
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then B ∈ 〈 Jo, K o〉, a contradiction. Thus C ∩ ( J − Jo) = ∅ or D ∩ (K − K o) = ∅. Thus B ∩ (( J − Jo) ∪ (K − K o)) = ∅. This
contradicts Lemma 4 and proves that 〈 Jo, K o〉 is a component of P(Y ). 
The following lemma summarizes some facts about dendrites.
Lemma 6. Let X be a dendrite. Then
(a) Each free arc is contained in a maximal free arc.
(b) If X ∈D, then R(X) = R f (X) and Ei(X) ∪ O (X) = {p ∈ X: there exists an arc J in X such that J is a neighborhood of p in X}.
(c) If X ∈D and J ∈A(X) joins p and q, then p,q ∈ R(X) ∪ Ei(X) and Jo = J − R(X).
Proof. (a) Let J be a free arc in X . Suppose that the end points of J are p and q. It is known that (see [8]) there exists
an arc (not necessarily a free arc) L in X such that J ⊂ L and L is maximal, with respect to the inclusion. Consider a
natural order < in L such that p < q. Given s < t in L, let (s, t) = {r ∈ L: s < r < t}. Let ri = inf{t ∈ L: (t,q) ⊂ Lo} and
rs = sup{t ∈ L: (p, t) ⊂ Lo}. Clearly, the arc K that joins ri and rs is a free arc. In order to check that K is a maximal free
arc, suppose to the contrary that there exists a free arc M such that K is properly contained in M . Let x and y be the end
points of M . We claim that M ⊂ L. In the case that there exists a point z ∈ M − L, let w be the point in L such that the
arc zw , joining z and w in X has the property that zw ∩ L = {w}. Since L is maximal, w is not an end point of L, then
w ∈ R(X) ∩ (M − {x, y}). This is impossible since M is a free arc (see Lemma 3(a)). We have shown that M ⊂ L. We may
assume that x < y. Since K is properly contained in M , we may assume that x< ri  p < q rs  y. Since (x, y) ⊂ Mo ⊂ Lo,
(x,q) ⊂ Lo. This contradicts the choice of ri and completes the proof that K is a maximal free arc.
(b) Let Fω be the unique dendrite for which R(Fω) consists of a single point p and ordFω (p) is inﬁnite. Let W be the
dendrite deﬁned in the plane as W = ([−1,1] × {0}) ∪ (⋃{{ 1n } × [0, 1n ]: n ∈ N}). Since X ∈ D, X cannot contain neither a
topological copy of the dendrite Fω nor a topological copy of the dendrite W (see [7, Theorem 3.3]). Thus, if p ∈ R(X),
then for each arc α in X containing p, p is not an acumulation point of R(X) ∩ α and ordp(X) is ﬁnite. This implies that
R(X) = R f (X). Let p ∈ X be such that there exists an arc J such that J is a neighborhood of p in X . Now, let L be a subarc
of J such that p ∈ Lo ⊂ L ⊂ Jo. Notice that L ∩ R(X) = ∅. Then p ∈ O (X) ∪ E(X). In the case that p ∈ E(X), since only the
end points of L can belong to E(X), we obtain that p ∈ Ei(X). Thus p ∈ O (X) ∪ Ei(X). Now take a point p ∈ O (X) ∪ Ei(X).
Since X ∈D, p is not a limit point of end points, it can be proved that this implies that p is not a limit point of ramiﬁcation
points. Thus there exists a closed connected neighborhood J of p such that J ∩ R(X) = ∅. In particular, J does not have
ramiﬁcation points of J . Since J is a dendrite without ramiﬁcation points, we obtain that J is an arc. This completes the
proof of (b).
(c) Let J ∈ A(X). Suppose that p and q are the end points of J . We show that p /∈ O (X). Suppose to the contrary that
p ∈ O (X). By (b), there exists an arc L in X such that L is a neighborhood of p in X . Let x and y be the end points of L.
Shortening L, if it is necessary, we may assume that L is a free arc and L ∩ R(X) = ∅. Since p ∈ O (X), p /∈ {x, y}. Since
L ∩ R(X) = ∅, L ∪ J is a free arc which properly contains J , a contradiction. Therefore p /∈ O (X). Thus p ∈ R(X) ∪ E(X).
In the case that p ∈ E(X), let Q be a closed connected neighborhood of p in X such that q /∈ Q . We claim that Q ⊂ J .
Suppose to the contrary that there exists a point z ∈ Q − J . Since Q is arcwise connected (see [30, Theorem 8.26]), there
exists a point w ∈ J ∩ Q such that the arc zw , that joins z and w has the property that zw ∩ J = {w}. Notice that: w = q,
by the choice of Q , and w = p, since p ∈ E(X). Thus w ∈ J − {p,q} and w ∈ R(X). This contradicts the fact that J is a free
arc. We have proved that Q ⊂ J . Thus J is a neighborhood of p in X . Therefore, by (b), p ∈ Ei(X). This completes the proof
that p ∈ R(X) ∪ Ei(X). Now, it is easy to show the equality Jo = J − R(X). 
Lemma 7. Let X be a dendrite. Then the components ofP(X) are the sets of the form 〈 Jo1, Jo2〉, where J1, J2 ∈A(X) and it is allowed
that J1 = J2 .
Proof. By Lemma 5, we only need to show that P(X) ⊂⋃{〈 Jo1, Jo2〉: J1, J2 ∈A(X)}.
Let A ∈ P(X). Fix a point p ∈ A. Let U be a neighborhood of A in C2(X) such that U is a 4-cell. Let Q be a closed
connected neighborhood of p in X such that A ∪ Q ∈ intC2(X)(U). From Lemmas 2 and 6(b), (A ∪ Q ) ∩ R(X) = ∅. Then Q is
a subcontinuum of X and R(Q ) = ∅. Thus Q is an arc and since Q ∩ R(X) = ∅, Q is a free arc. By Lemma 6(a), there exists
J ∈A(X) such that Q ⊂ J . Hence p ∈ Jo.
Let A1 be the component of A that contains p. We claim that A1 ⊂ Jo. Suppose to the contrary that A1 − Jo = ∅. Let x
and y be the end points of J . If A1 ∩ Jo = A1 ∩ J , then A1 ∩ Jo = A1 ∩ J is a nonempty open and closed proper subset of A1,
this contradicts the connectedness of A1. Thus, we may assume that x ∈ A1 − Jo. As we show in the paragraph above, there
exists a maximal free arc L in X such that x ∈ Lo. Since x ∈ clX ( Jo), Lo ∩ Jo = ∅. By Lemma 3(b), L = J . This is impossible
since x ∈ Lo − Jo. Hence A1 ⊂ Jo.
In the case that A is connected, A = A1 ∈ 〈 Jo〉. In the case that A is not connected, let A2 be the component of A such
that A2 = A1. Proceeding as before, there exists K ∈A(X) such that A2 ⊂ K o. Therefore, A = A1 ∪ A2 ∈ 〈 Jo, K o〉.
Therefore P(X) ⊂⋃{〈 Jo1, Jo2〉: J1, J2 ∈A(X)}. 
D. Herrera-Carrasco et al. / Topology and its Applications 156 (2009) 549–557 553Lemma 8. Let Y be a locally connected continuum and let J , K ∈ A(Y ). Then bdC2(Y )(〈 Jo, K o〉) = {A1 ∪ A2 ∈ C2(Y ): A1 ∈ 〈 J 〉 ∩
C(Y ), A2 ∈ 〈K 〉 ∩ C(Y ) and (A1 ∪ A2) ∩ (bdY ( J ) ∪ bdY (K )) = ∅}.
Proof. By Lemma 3(b), J = K or Jo ∩ K o = /∅. We consider both cases.
Case 1. J = K .
Take A ∈ bdC2(Y )(〈 Jo〉). Then A = lim Bn , where Bn ⊂ Jo, for each n. This implies that A ⊂ J . Since 〈 Jo〉 is open in C2(Y ),
A /∈ 〈 Jo〉. Thus A  Jo and A ∩ bdY ( J ) = ∅. Since A ∈ C2(Y ), A = A1 ∪ A2, where A1, A2 ∈ 〈 J 〉 ∩ C(Y ) (in the case that A is
connected, put A1 = A2 = A). Now take an element D = D1 ∪ D2 ∈ C2(Y ), where D1, D2 ∈ 〈 J 〉 ∩ C(Y ) and D∩ bdY ( J ) = ∅.
Notice that D /∈ 〈 Jo〉. Since J is an arc, it is possible to ﬁnd a sequence {Gn}∞n=1 of elements in C2( J ) such that no end point
of J belongs to Gn , for each n, and limGn = D . Thus each Gn belongs to 〈 Jo〉 and D ∈ bdC2(Y )(〈 Jo〉). This completes the
proof of the equality for this case.
Case 2. Jo ∩ K o = ∅.
Take A ∈ bdC2(Y )(〈 Jo, K o〉). Then A = lim Bn , where Bn ∈ 〈 Jo, K o〉, for each n. Since Jo ∩ K o = ∅, for each n, Bn = Pn ∪ Qn ,
where Pn ∈ 〈 Jo〉 ∩ C(Y ) and Qn ∈ 〈K o〉 ∩ C(Y ). We may assume that lim Pn = A1 for some A1 ∈ C(Y ) such that A1 ⊂ J and
lim Qn = A2 for some A2 ∈ C(Y ) such that A2 ⊂ K . Thus A = A1 ∪ A2. Since 〈 Jo, K o〉 is open in C2(Y ), A  Jo ∪ K o and
A ∩ (bdY ( J ) ∪ bdY (K )) = ∅. Now take an element D = D1 ∪ D2 ∈ C2(Y ), where D1 ∈ 〈 J 〉 ∩ C(Y ), D2 ∈ 〈K 〉 ∩ C(Y ) and
D ∩ (bdY ( J ) ∪ bdY (K )) = ∅. Notice that D /∈ 〈 Jo, K o〉. Since J and K are arcs, it is possible to ﬁnd sequences {Gn}∞n=1 and{Kn}∞n=1 of elements in 〈 Jo〉 ∩ C(Y ) and 〈K o〉 ∩ C(Y ), respectively, such that limGn = D1 and lim Kn = D2. Then each set
Gn ∪ Kn belongs to 〈 Jo, K o〉 and D = limGn ∪ Kn . Hence D ∈ bdC2(Y )(〈 Jo〉). This completes the proof of the equality for this
case. 
Lemma 9. Let Y be a locally connected continuum. If L ∈AR f (Y )∪ARE(Y ), then there exists a tree T contained in Y such that L ⊂ T o
and T ∩ R f (Y ) = T ∩ R(Y ) = L ∩ R(Y ). In particular 〈T 〉 is a closed neighborhood of L in C2(Y ).
Proof. We only consider the case L ∈ AR f (Y ), the other one is similar. Let p and q be the end points of L. Let Q 1 and Q 2
be a simple n-od and a simple m-od, respectively, such that Q 1 (respectively Q 2) is a neighborhood of p (respectively q).
Let U be an open subset of Y such that p ∈ U ⊂ Q 1. Notice that each point x in U has a neighborhood in Y which is either
and arc (if x = p) of a simple n-od (if x = p). Taking a shorter simple n-od P1 inside Q 1 ∩ U , we can obtain that p ∈ P o1
and (P1 − {p}) ∩ R(Y ) = ∅. Similarly, we may take a simple m-od P2 in Y such that q ∈ P o2, (P2 − {q}) ∩ R(Y ) = ∅ and
P1 ∩ P2 = ∅. By Lemma 3(a), (L − {p,q)}) ∩ R(Y ) = ∅. Then (P1 ∪ P2 ∪ L) ∩ R(Y ) = {p,q}. This implies that T = P1 ∪ P2 ∪ L
is a tree, L ⊂ T o, T ∩ R f (Y ) = T ∩ R(Y ) = L ∩ R(Y ). 
3. Main results
Theorem 10. Let Y be a locally connected continuum and let X ∈D. Suppose that there exists a homeomorphism h : C2(X) → C2(Y ).
Then, for each L ∈AR f (Y ), there exists J ∈AR f (X) such that h(〈 Jo〉) = 〈Lo〉.
Proof. Let L ∈ AR f (Y ). Clearly, h(P(X)) = P(Y ). By Lemma 5, 〈Lo〉 is a component of P(Y ). By Lemma 7, there exist
J , K ∈ A(X) such that h(〈 Jo, K o〉) = 〈Lo〉. Let a,b ∈ R f (Y ) be the end points of L. Let n = ordY (a) and m = ordY (b). By
Lemma 9, there exists a tree T contained in Y such that L ⊂ T o, T ∩ R f (Y ) = T ∩ R(Y ) = L ∩ R(Y ) and 〈T 〉 is a closed
neighborhood of L in C2(Y ).
By Lemma 8, bdC2(Y )(〈Lo〉) = {B ∈ 〈L〉: B ∩ {a,b} = ∅}. By Lemma 1, if B ∈ 〈L〉 and B ∩ {a,b} = {a}, then dimB [C2(Y )] =
4+ n − 2 = 2+ n. In the case that B ∩ {a,b} = {b}, dimB [C2(Y )] = 2+m. If B ∩ {a,b} = {a,b}, then dimB [C2(X)] = n +m.
We will show that J = K and J ∈AR f (X). Suppose, to the contrary, that this is not true. We analyze two cases.
Case 1. J = K and J /∈AR f (X).
Let p,q be the end points of J . We assume that q /∈ R(X). By Lemma 6(c), q ∈ Ei(X). If p /∈ R(X), then p ∈ Ei(X).
This implies that X = J . Since the arc J has unique hyperspace C2( J ) (see [18]), Y is an arc. Hence L ∈ AR f (Y ) = ∅,
a contradiction. We have shown that p ∈ R(X).
By Lemma 9, there exists a tree S , contained in X such that J ⊂ So, S ∩ R(X) = J ∩ R(X) = {p} and 〈S〉 is a closed
neighborhood of J in C2(X).
Let r = ordX (p). By Lemma 8, bdC2(X)(〈 Jo〉) = {A ∈ 〈 J 〉: p ∈ A}. By Lemma 1, if A ∈ 〈 J 〉 and p ∈ A, then dimA[C2(X)] =
r + 2. Since h is a homeomorphism, h(bdC2(X)(〈 Jo〉)) = bdC2(Y )(〈Lo〉). Thus {2+ n,2+m,n +m} = {r + 2}. This implies that
n = 2, this is a contradiction since n 3.
This completes the proof that Case 1 is impossible.
Case 2. J = K .
Let U and V be trees in X such that J ⊂ U o, K ⊂ V o, U ∩ R(X) = J ∩ R(X), V ∩ R(X) = K ∩ R(X), 〈U 〉 is a closed
neighborhood of J in C2(X) and 〈V 〉 is a closed neighborhood of K in C2(X). Let p,u be the end points of J and let q, v
be the end points of K . Let rp = ordX (p), rq = ordX (q), ru = ordX (u) and rv = ordX (v). Let M be an arc or a one-point-set
in X such that M ∩ U and M ∩ V are one-point-sets (if U ∩ V = ∅, then M is the minimum arc joining U and V , and if
U ∩ V = ∅, just ﬁx a point x ∈ U ∩ V and put M = {x}). Let S = U ∪ V ∪ M . Then S is a tree in X and J ∪ K is contained in
the interior of S . This implies that, for each A ∈ C2(X) with A ⊂ J ∪ K , dimA[C2(X)] = dimA[C2(S)].
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By Lemma 8, bdC2(X)(〈 Jo, K o〉) = {A1 ∪ A2 ∈ C2(X): A1 ∈ 〈 J 〉∩ C(X), A2 ∈ 〈K 〉∩ C(X) and (A1 ∪ A2)∩{p,u,q, v} = ∅}. By
Lemma 1, the possible values for dimA[C2(X)], where A ∈ bdC2(X)(〈 Jo, K o〉), are 2+ rp , 2+ rq , 2+ ru , 2+ rv , rp + ru , rp + rq ,
rp + rv , ru + rq , ru + rv , rq + rv , ru + rq + rv − 2, rp + rq + rv − 2, rp + ru + rv − 2, rp + ru + rq − 2 and rp + ru + rq + rv − 4.
Since h is a homeomorphism, the set of these values must coincide with the set of possible values for dimB [C2(Y )], where
B ∈ bdC2(Y )(〈Lo〉), as we have seen, the former set is {2 + n,2 + m,n + m}. This is impossible since 2 + rp < rp + ru <
rp + ru + rq − 2< rp + ru + rq + rv − 4.
Subcase 2.2. J ∩ K = ∅ and J , K ∈AR f (X).
In this subcase, we assume that u = q. By Lemma 8, bdC2(X)(〈 Jo, K o〉) = {A1 ∪ A2 ∈ C2(X): A1 ∈ 〈 J 〉 ∩ C(X),
A2 ∈ 〈K 〉 ∩ C(X) and (A1 ∪ A2) ∩ {p,q, v} = ∅}. The possible values for dimA[C2(S)], where A ∈ bdC2(X)(〈 Jo, K o〉), are
2 + rp , 2 + rq , 2 + rv , rp + rq , rp + rv , rq + rv and rp + rq + rv − 2. Again, this set of values must coincide with the set
{2 + n,2 + m,n + m}. Since 2 + rp,2 + rq < rp + rq < rp + rq + rv − 2, assuming for example that n  m, we have that
n = rp = rq , 2+m = rp + rq and n +m = rp + rq + rv − 2. Similarly, n = rv and 2+m = rp + rv = rq + rv . Thus m > n.
Let R = {A ∈ bdC2(X)(〈 Jo, K o〉): dimA(C2(X)) = n + 2}. Lemma 1 implies that R = {A ∈ bdC2(X)(〈 Jo, K o〉):
A ∩ {p,q, v} is a one-point-set}. Hence R is the union of three nonempty, disjoint closed subsets namely, {A ∈
bdC2(X)(〈 Jo, K o〉): A∩{p,q, v} = {p}}, {A ∈ bdC2(X)(〈 Jo, K o〉): A∩{p,q, v} = {q}} and {A ∈ bdC2(X)(〈 Jo, K o〉): A∩{p,q, v} ={v}}. So, R has at least three components. On the other hand, let Q= {B ∈ bdC2(Y )(〈Lo〉): dimB(C2(Y )) = n + 2} = {B ∈ 〈L〉:
B ∩ {a,b} = {a}}. It is easy to check that Q is connected. Since h is a homeomorphism, h−1(Q) =R, a contradiction.
Subcase 2.3. J ∩ K = ∅, J ∈AR f (X) and K /∈AR f (X).
We may assume that v /∈ R(X). Thus, by Lemma 6(c), rv = 1. Proceeding as in Subcase 2.2 and assuming that nm, we
obtain that n = rp = rq = ru , n <m and {A ∈ bdC2(X)(〈 Jo, K o〉): dimA(C2(X)) = n + 2} is the union of three nonempty, dis-
joint closed subsets namely, {A ∈ bdC2(X)(〈 Jo, K o〉): A∩{p,u,q} = {p}}, {A ∈ bdC2(X)(〈 Jo, K o〉): A∩{p,u,q} = {u}} and {A ∈
bdC2(X)(〈 Jo, K o〉): A ∩ {p,u,q} = {q}}, while the set {B ∈ bdC2(Y )(〈Lo〉): dimB(C2(Y )) = n+ 2} = {B ∈ 〈L〉: B ∩ {a,b} = {a}} is
connected. Again, we have a contradiction.
Subcase 2.4. J ∩ K = ∅, J ∈AR f (X) and K /∈AR f (X).
We may assume that q = u and v /∈ R(X). By Lemma 6(c), v ∈ Ei(X). Thus v ∈ K o. The possible values for dimA[C2(X)],
where A ∈ bdC2(X)(〈 Jo, K o〉), are 2+ rp , 2+ rq and rp + rq . This set of values must coincide with the set {2+n,2+m,n+m}.
Thus n = rp and m = rq or n = rq and m = rp .
Let F = {A ∈ bdC2(X)(〈 Jo, K o〉): A ∈ clC2(X)(P(X) − 〈 Jo, K o〉) and dimA[C2(X)] < n + m} and G = {B ∈ bdC2(Y )(〈Lo〉):
B ∈ clC2(Y )(P(Y ) − 〈Lo〉) and dimB [C2(Y )] < n +m}. Then h(F) =G.
Given an element A ∈ F, A can be written as A = A1 ∪ A2, for some A1 ∈ C( J ) and A2 ∈ C(K ), and A ∩ {p,q} is a
one-point-set.
First we analyze the case that p ∈ A. Since q /∈ A2, A2 ⊂ K o.
If A1 = {p}, A1 ∩ Jo = ∅. Notice that the set U= {C ∈ C2(X): q /∈ C , C has two components C1 and C2, C1 ∩ Jo = ∅ and
C2 ⊂ K o} is an open subset of C2(X) and A ∈ U. Then there exists an element C ∈ (U ∩P(X)) − 〈 Jo, K o〉. Let C1 and C2 be
the components of C , where C1 ∩ Jo = ∅ and C2 ⊂ K o. By Lemma 2, p /∈ C1. Thus C1 is a connected subset of X such that
C1 ∩ bdX ( J ) = C1 ∩ {p,q} = ∅ and C1 ∩ Jo = ∅. Hence C1 ⊂ Jo and C ∈ 〈 Jo, K o〉, a contradiction. This proves that A1 = {p}.
We have shown that, if A ∈ F and p ∈ A, then A = {p} ∪ A2, for some A2 ∈ C(K ) ∩ 〈K o〉.
Now take an element of the form A = {p}∪ A2, where A2 ∈ C(K )∩〈K o〉. We claim that A belongs to F. Since p ∈ R f (X),
there exists a free arc J1 in X such that p is an end point of J1, J ∩ J1 = {p} and J1 ∩ R(X) = {p}. Notice that all the
elements in C2(X), of the form {x} ∪ C2, where x ∈ J1 − {p} and C2 ∈ C(K ) ∩ 〈K o〉, belong to P(X) and A is limit of sets of
this form. This implies that A ∈ F.
Now take A ∈ F such that q ∈ A. Let A = A1 ∪ A2, where A1 ∈ C( J ) and A2 ∈ C(K ). Notice that p /∈ A. As we did
three paragraphs above, it is possible to prove that A1 = {q} or A2 = {q}. Then A is of one of the forms: A = {q} ∪ A2 or
A = {q} ∪ A1. With a similar argument as in the paragraph above, it is possible to show that each element of the form
A = {q} ∪ A0, where A0 ∈ C( J ) ∪ C(K ) and p /∈ A0 belongs to F (even if A is connected).
We have proved that, F = Fp ∪ F J ∪ FK , where Fp = {{p} ∪ A2 ∈ C2(X): A2 ∈ C(K ) ∩ 〈K o〉}, F J = {{q} ∪ A1: A1 ∈ C( J )
and p /∈ A1} and FK = {{q} ∪ A2: A2 ∈ C(K )}. Notice that Fp = F ∩ {A ∈ F: p ∈ A} and F J ∪ FK = F ∩ {A ∈ F: q ∈ A}. Thus
Fp and F J ∪ FK are nonempty disjoint closed subsets of F. Notice that Fp is homeomorphic to C(K ) ∩ 〈K o〉. Thus Fp is
homeomorphic to {A ∈ C([0,1]): 0 /∈ A}. Hence Fp is homeomorphic to (0,1] × (0,1] (see [23, Example 5.1]). Similarly, F J
is homeomorphic to (0,1] × (0,1] and FK is homeomorphic to [0,1] × [0,1]. Since {q} ∈ F J ∩ FK , we conclude that the
components of F are Fp and F J ∪ FK . Notice that F J and FK are closed in F J ∪ FK and F J ∩ FK = {q}, so {q} is a cut point
of F J ∪ FK .
Let Ga = {B ∈G: a ∈ B} and Gb = {B ∈G: b ∈ B}. As we did with F, it is possible to show that Ga = {{a}∪ B0: B0 ∈ C(L)
and b /∈ B0}, Gb = {{b} ∪ B0: B0 ∈ C(L) and a /∈ B0}, Ga and Gb are homeomorphic to [0,1) × [0,1), Ga and Gb are closed
in G, Ga and Gb are disjoint. Thus Ga and Gb are the components of G and neither Ga nor Gb have a cut point. This is
a contradiction since h(F) =G.
Subcase 2.5. J ∩ K = ∅ and J , K /∈AR f (X).
We assume that p = q ∈ R(X) and u, v /∈ R(X). The only possible value for dimA[C2(X)], where A ∈ bdC2(X)(〈 Jo, K o〉), is
2+ rp . Hence, {2+ rp} = {2+ n,2+m,n +m}. This is impossible since 2+ n < n +m.
Subcase 2.6. J ∩ K = ∅ and J , K /∈AR (X).f
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for dimA[C2(X)], where A ∈ bdC2(X)(〈 Jo, K o〉), are 2 + rp , 2 + rq and rp + rq . This set of values must coincide with the set{2+ n,2+m,n +m}. Thus, we may assume that n = rp and m = rq .
Let F= {A ∈ bdC2(X)(〈 Jo, K o〉): A ∈ clC2(X)(P(X) − 〈 Jo, K o〉) and dimA[C2(X)] = n +m} and G= {B ∈ bdC2(Y )(〈Lo〉): B ∈
clC2(Y )(P(Y ) − 〈Lo〉) and dimB [C2(Y )] = n +m}. Then h(F) =G.
Given an element A ∈ F, A = A1 ∪ A2, for some A1 ∈ C( J ) and A2 ∈ C(K ) and {p,q} ⊂ A. If A1 = {p} and A2 = {q}, then
A1 ∩ Jo = ∅ and A2 ∩ K o = ∅. Notice that the set U= {C ∈ C2(X): C ∩ Jo = ∅ and C ∩ K o = ∅} is an open subset of C2(X)
and A ∈ U. Then there exists an element C ∈ (U∩P(X))−〈 Jo, K o〉. Since C ∈P(X), by Lemma 2, p,q /∈ C . Let C1 and C2 be
components of C such that C1 ∩ Jo = ∅ and C2 ∩ K o = ∅. Since bdX ( J ) = {p}, C1 ⊂ Jo. Similarly, C2 ⊂ K o. Since Jo ∩ K o = ∅,
C = C1 ∪ C2 and C ∈ 〈 Jo, K o〉, a contradiction. This proves that A1 = {p} or A2 = {q}.
Now, take an element of the form A = {p} ∪ A2, where q ∈ A2 ∈ C(K ). We claim that A belongs to F. Since p ∈ R f (X),
there exists a free arc J1 in X such that p is an end point of J1, J ∩ J1 = {p} and J1 ∩ R(X) = {p}. Notice that all the
elements in C2(X), of the form {x} ∪ A2, where x ∈ J1 − {p} and A2 ∈ C(K ) ∩ 〈K o〉, belong to P(X) and A is limit of sets
of this form. This implies that A ∈ F. Similarly, for each element of the form A = {q} ∪ A1, where p ∈ A1 ∈ C( J ), we obtain
that A ∈ F.
We have proved that, F= Fp∪Fq , where Fp = {{p}∪ A2 ∈ C2(X): q ∈ A2 ∈ C(K )}, Fq = {{q}∪ A1: p ∈ A1 ∈ C( J )} and Fp ∩
Fq = {{p,q}}. Notice that Fp is homeomorphic to {A2 ∈ C2(K ): q ∈ A2}, which is homeomorphic to {A ∈ C([0,1]): 0 ∈ A}.
Hence Fp is an arc (see [23, Example 5.1]) with end points {p,q} and {p} ∪ K . Similarly, Fq is an arc with end points {p,q}
and {q} ∪ J . Therefore F is an arc and G is also and arc.
Let Ga = {B ∈G: B = {a} ∪ B2 and b ∈ B2 ∈ C(L)} and Gb = {B ∈G: B = {b} ∪ B1 and a ∈ B1 ∈ C(L)}. As we did with F,
it is possible to show that G=Ga ∪Gb , Ga and Gb are arcs joining {a,b} and L and Ga ∩Gb = {{a,b}, L}. This implies that
G is a simple closed curve, a contradiction.
This completes the proof of the theorem. 
Theorem 11. Let X, Y ∈D be such that X and Y are not ﬁnite graphs. Suppose that there exists a homeomorphism h : C2(X) → C2(Y ).
Then, for each L ∈ARE(Y ), there exists J ∈ARE(X) such that h(〈 Jo〉) = 〈Lo〉.
Proof. Let L ∈ ARE(Y ). Clearly, h(P(X)) = P(Y ). By Lemma 7, 〈Lo〉 is a component of P(Y ) and there exist J , K ∈ A(X)
such that h(〈 Jo, K o〉) = 〈Lo〉. Let a,b be the end points of L. Since Y is not an arc, by Lemma 6(c), we may assume that
a ∈ R(Y ) = R f (Y ) and b ∈ Ei(Y ). Let n = ordY (a). Let R be a simple n-od such that a ∈ Ro and R ∩ R(Y ) = {a}. Then R ∪ L
is a ﬁnite graph and L ⊂ (R ∪ L)o. By Lemmas 1 and 8, the only possible value for dimA[C2(Y )], where A ∈ bdC2(Y )(〈Lo〉) is
2+ n.
In the case that J ∈ AR f (X), let p,q be the end points of J and let r = ordX (p) and s = ordX (q). Then dimA[C2(X)],
where A ∈ bdC2(X)(〈 Jo, K o〉), takes at least two different values, namely 2 + r and s + r. This is impossible since
h(bdC2(X)(〈 Jo, K o〉)) = bdC2(Y )(〈Lo〉). Hence, we obtain that, J , K /∈AR f (X). Thus J , K ∈ARE(X).
Let p and u (respectively q, v) be the end points of J (respectively K ), where p,q ∈ R(X) and u, v ∈ Ei(X). Let r =
ordX (p) and s = ordX (q).
In the case that p = q, the possible values for dimA[C2(X)], where A ∈ bdC2(X)(〈 Jo, K o〉), are 2+ r, 2+ s and r + s. This
again gives a contradiction. Therefore, p = q. Thus the only value for dimA[C2(X)], where A ∈ bdC2(X)(〈 Jo, K o〉), is 2 + r.
Hence n = r.
Now, we prove that J = K . Suppose to the contrary that J = K .
Since Y is not a ﬁnite graph and Y ∈D (observe that Y = Fω , see the proof of Lemma 6(b)), a is the end point of at least
one element in AR f (Y ). Let L1, L2, . . . , Ln be the different elements in A(Y ) containing a, where L = L1. We may assume
that {LN+1, . . . , Ln} = {L1, . . . , Ln} ∩AR f (Y ), where 1 N < n.
Given i ∈ {N + 1, . . . ,n}, by Theorem 10, there exists Mi ∈ AR f (X) such that h(〈Moi 〉) = 〈Loi 〉. Since {{a}} = clC2(Y )(〈Loi 〉) ∩
clC2(Y )(〈Lo〉), we have that clC2(X)(〈Moi 〉) ∩ clC2(X)(〈 Jo, K o〉) is a set containing only one element. This implies that {p} =
Mi ∩ ( J ∪ K ). Notice that, if i, j ∈ {N + 1, . . . ,n} and i = j, then Mi = M j .
Given i ∈ {1, . . . ,N}, proceeding as we did with L, there exist J i, Ki ∈ ARE(X) such that h(〈 Joi , K oi 〉) = 〈Loi 〉, more-
over J i = Ki or J i ∩ Ki is a one-point-set and J1 = J , K1 = K . If i, j ∈ {1, . . . ,N} and i = j, then {{a}} = clC2(Y )(〈Loi 〉) ∩
clC2(Y )(〈Loj 〉), this implies that clC2(X)(〈 Joi , K oi 〉) ∩ clC2(X)(〈 Joj , K oj 〉) is a set containing only one element. This implies that
{p} = ( J i ∪ Ki) ∩ ( J j ∪ K j). Similarly, it follows that ( J i ∪ Ki) ∩ M j = {p} for each i ∈ {1, . . . ,N} and j ∈ {N + 1, . . . ,n}. Thus
the arcs J1, K1, K2, . . . , KN ,MN+1, . . . ,Mn are pairwise different elements in A(X) having p. Hence, ordX (p) > n = r. This
contradiction ﬁnishes the proof that J = K and completes the proof of the theorem. 
Theorem 12. Let X, Y ∈D. Suppose that C2(X) and C2(Y ) are homeomorphic, then X and Y are homeomorphic.
Proof. Let h : C2(X) → C2(Y ) be a homeomorphism. Since ﬁnite graphs have unique hyperspace C2(X) (see [18]), we may
assume that X and Y are not ﬁnite graphs.
Claim 1. Given p ∈ R(X), there exists q ∈ R(Y ) such that h({p}) = {q}. Moreover, if J ∈ A(X) is such that p is an end
point of J , then there exists L ∈A(Y ) such that h(〈 Jo〉) = 〈Lo〉 and q is an end point of L.
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Theorems 10 and 11, there exist K , L ∈A(Y ) such that h(〈Io〉) = 〈K o〉 and h(〈 Jo〉) = 〈Lo〉. Thus h(clC2(X)(〈Io〉)) = clC2(Y )(〈K o〉)
and h(clC2(X)(〈 Jo〉)) = clC2(Y )(〈Lo〉). Since clC2(X)(〈Io〉) ∩ clC2(X)(〈 Jo〉) = {{p}}, we have that {h({p})} = clC2(Y )(〈K o〉) ∩
clC2(Y )(〈Lo〉). This implies that K ∩ L = ∅ and K = L. Let {q} = K ∩ L. Then q ∈ R(Y ) and h({p}) = {q}. This completes
the proof of Claim 1.
Claim 2. Given p ∈ Ea(X), there exists q ∈ Ea(Y ) such that h({p}) = {q}.
We prove Claim 2. Let p ∈ Ea(X), then p is an acumulation point of the set R(X). Let {pn}∞n=1 be a sequence in R(X)
such that lim pn = p. By Claim 1, there exists a sequence {qn}∞n=1 in R(Y ) such that h({pn}) = {qn} for each n  1. Thus
h({p}) = limh({pn}) is a one-point-set {q} which is an acumulation point of the set R(Y ). Hence h({p}) = {q} and, since
Y ∈D, q ∈ Ea(Y ). This ﬁnishes the proof of Claim 2.
Claim 3. Given p ∈ Ei(X), there exists L ∈ARE(Y ) such that h({p}) ⊂ Lo.
We prove Claim 3. Let p ∈ Ei(X), then there exists a unique J ∈ ARE(X) such that p ∈ J . By Theorem 11, there exists
L ∈ARE(Y ) such that h(〈 Jo〉) = 〈Lo〉. Since {p} ∈ 〈 Jo〉, h({p}) ∈ 〈Lo〉. This ends the proof of Claim 3.
Deﬁne f : R(X) ∪ E(X) → R(Y ) ∪ E(Y ) as follows. If p ∈ R(X) ∪ Ea(X), by Claims 1 and 2, there exists q ∈ R(Y ) ∪ Ea(Y )
such that h({p}) = {q}, let f (p) = q. In the case that p ∈ Ei(X), by Claim 3, there exists L ∈ ARE(Y ) such that h({p}) ⊂ Lo.
Let q ∈ Ei(Y ) be such that q is an end point of the arc L, let f (p) = q.
Given J ∈ A(X), by Theorems 10 and 11, there exists L ∈ A(Y ) such that h(〈 Jo〉) = 〈Lo〉. Let p,q be the end points of J .
By Claims 1 and 3, and the deﬁnition of f , f (p) and f (q) are the end points of L. Thus, we can ﬁx a homeomorphism
f J : J → L such that f J (p) = f (p) and f J (q) = f (q).
Given p ∈⋃{ J : J ∈A(X)}, deﬁne f (p) = f J (p).
Since X ∈D, X = (⋃{ J : J ∈A(X)})∪ Ea(X). If p ∈ I ∩ J , where I = J and I, J ∈A(X), then p ∈ R(X), so f I (p) = f (p) =
f J (p). This proves that f is well deﬁned.
We prove that f is continuous. Since X ∈D, the family { J : J ∈A(X)} is a locally ﬁnite cover of the open set X − Ea(X).
Hence f is continuous on this set. Now take a point p ∈ Ea(X). We show that f is continuous at p. Let {pn}∞n=1 be a
sequence in X converging to p. In the case that each pn belongs to Ea(X), by the continuity of h, we have that lim f (pn) =
f (p). Thus, we may assume that, for each n  1, there exists Jn ∈ A(X) such that pn ∈ Jn . Since X ∈ D, p /∈ Jn for all n.
Thus we may assume that J1, J2, . . . are pairwise different. And again, since X ∈D, we may also assume that J1, J2, . . . are
pairwise disjoint. This implies that lim diameter ( Jn) = 0. For each n 1, let rn ∈ Jn ∩ R(X). Then lim rn = p. Given n 1, let
Ln ∈ A(Y ) be such that h(〈 Jon〉) = 〈Lon〉. If n =m, then clC2(X)(〈 Jon〉) ∩ clC2(X)(〈 Jom〉) = ∅, thus clC2(Y )(〈Lon〉) ∩ clC2(Y )(〈Lom〉) = ∅,
so Ln ∩ Lm = ∅. This implies that lim diameter (Ln) = 0. By Claim 1 and by deﬁnition of f , f (pn), f (rn) ∈ Ln for each n 1.
By the continuity of h, lim f (rn) = f (p). Therefore, lim f (pn) = f (p). We have shown that f is continuous.
We show that f is onto. Since Y ∈ D, the set ⋃{L: L ∈ A(Y )} is dense in Y . Thus it is enough to show that ⋃{L: L ∈
A(Y )} ⊂ Im f . Let L ∈A(Y ). By Theorems 10 and 11, applied to h−1, there exists J ∈A(X) such that h−1(〈Lo〉) = 〈 Jo〉. Hence
h(〈 Jo〉) = 〈Lo〉 and L ⊂ Im f J ⊂ Im f . Therefore, f is onto.
Finally, we show that f is one to one. Let p,q ∈ X be such that p = q. We prove that f (p) = f (q). If p,q ∈ Ea(X),
since h is one to one, we obtain that f (p) = f (q). If p ∈ Ea(X) and q /∈ Ea(X), then f (p) ∈ Ea(Y ) and f (q) /∈ Ea(Y ), hence
f (p) = f (q). Now, suppose that p ∈ I and q ∈ J for some I, J ∈ A(X). Let K , L ∈ A(Y ) be such that h(〈Io〉) = 〈K o〉 and
h(〈 Jo〉) = 〈Lo〉. Then f (p) ∈ K and f (q) ∈ L. We may assume that K ∩ L = ∅. If K = L, then I = J , then f (p) = f I (p) and
f (q) = f I (q), hence, f (p) = f (q). Finally, if K = L, then there exists b ∈ R(Y ) such that K ∩ L = {b}. Thus there exists
a ∈ R(X) such that I ∩ J = {a}. In the case that f (p) = f (q), we have that f (p) = b = f (q), since f I and f J are one to
one, p = a = q, a contradiction. This completes the proof that f is one to one and then we have ﬁnished the proof of the
theorem. 
Theorem 13. Let X ∈D and let Y be a dendrite. Suppose that C2(X) and C2(Y ) are homeomorphic, then X and Y are homeomorphic.
Proof. By Theorem 12 we only need to prove that Y ∈ D. According to [14, 3.16] a dendrite Y belongs to D if and only if
C2(Y ) has the property that its subset {A ∈ C2(Y ): dimA[C2(Y )] < ∞} is dense in C2(Y ). Since C2(X) has this topological
property, we conclude that Y ∈D. 
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